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ABSTRACT

Let R be a prime ring with extended centroid C, g a nonzero general-
ized derivation of R, f(z1,...,zn) a multilinear polynomial over C, I a
nonzero right ideal of R.

If [g(f(r1,...,mn)), f(r1,...,mn)] =0, for all r1,...,r, € I, then either
g(z) = az, with (a —y)I = 0 and a suitable v € C or there exists an
idempotent element e € soc(RC) such that IC' = eRC and one of the
following holds:

(i) f(z1,...,zn) is central valued in eRCe;
(ii) g(x) = cx+ b , where (c+b+a)e =0, for « € C, and f(z1,...,7n)?
is central valued in eRCe;

(iii) char(R) = 2 and s4(x1, 22,23, 4) is an identity for eRCle.

Throughout this paper, R always denotes a prime ring with center Z(R) and
extended centroid C, U its right Utumi quotient ring. Here we will consider
some related problems concerning generalized derivations on multilinear poly-
nomials in prime rings. Many authors have studied generalized derivations in
the context of prime and semiprime rings (see [6], [13] for reference). By a
generalized derivation on R one usually means an additive map g: R — R such
that, for any =,y € R, g(zy) = g(z)y + xd(y), for some derivation d in R. Obvi-
ously any derivation is a generalized derivation. Moreover, other basic examples
of generalized derivation are the following: (i) g(z) = ax + b, for a,b € R;
(ii) g(z) = azx, for some a € R.
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The well-known theorem of Posner established that a prime ring R must be
commutative if it admits a derivation d such that [d(z),z] € Z(R), for all z € R,
[17]. Later Lanski generalized this result to left ideals. More precisely, in [8] he
proved that if R is a semiprime ring, I a nonzero left ideal, d a nonzero derivation
on R and n,tg,t1,...,t, positive integers such that the extended commutator
[d(zt0),x™, x'2, ... x'] is zero for all x € I, then either d(I) = {0} or the ideal
of R generated by d(I) and d(R)I lies in the center of R. Hence, if R is prime,
then R is commutative.

More recently, in [12], Lee studied an Engel condition with derivation for
polynomials on right (left) ideals of R. If you fix the attention on multilinear
polynomials, then Lee’s result has the following flavor: let I be a nonzero right

ideal of R and f(x1,...,x,) a nonzero multilinear polynomial over C' such that
[d(f(ri,...,rn)), f(r1,...,m)]x = 0, for any r1,...,r, € I, then there exists
an idempotent element e € soc(RC) such that either f(z1,...,zy) is central

valued on the central simple algebra eRCe or char(R) = 2 and eRCe satisfies
the standard identity s4.

Here we will study what happens in case a similar Engel condition is satisfied
by a generalized derivation g, more precisely, we will consider the case k£ = 1
and prove the following

THEOREM: Let R be a prime ring with extended centroid C, g a nonzero
generalized derivation of R, f(x1,...,z,) a multilinear polynomial over C,
I a nonzero right ideal of R. If [g(f(r1,...,mn), f(r1,...,m)] = 0, for all
T1,...,rn € I, then either g(x) = ax, with (a —y)I = 0 and a suitable v € C or
there exists an idempotent element e € soc(RC') such that IC = eRC and one
of the following holds:

(i) f(z1,...,2,) is central valued in eRCe;

(i) g(x) = cx + xb , where (c+b+ a)e =0, for a € C, and f(x1,...,2,)? is

central valued in eRCe;
(iii) char(R) =2 and s4(x1,x2, T3, 4) is an identity for eRCe.

Throughout the paper, unless stated otherwise, R will be a prime ring,
f(z1,...,2,) a multilinear polynomial of R, g # 0 a generalized derivation of
R and I a nonzero right ideal of R such that [g(f(r1,...,m), f(r1,...,7)] =0,
for all 1,...,7, € 1.

For any ring S, Z(S) will denote its center, and [a, b] = ab — ba. In addition,
s4 will denote the standard identity in 4 variables.

The related object we need to mention is the right Utumi quotient ring U of
a ring R (sometimes, as in [1], U is called the maximal right ring of quotients).
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The definitions, the axiomatic formulations and the properties of this quotient
ring U can be found in [1]. In any case, when R is a prime ring, we need only
the following properties of U:

1) RCU;

2) U is a prime ring;

3) The center of U, denoted by C, is a field which is called the extended

centroid of R.

We also make a frequent use of the theory of generalized polynomial identities
and differential identities (see [1], [3], [7], [10], [16]). In particular, we recall that
when R is prime and I a nonzero right ideal of R, then I, IR and IU satisfy
the same generalized polynomial identities [3].

In [13] T. K. Lee extended the definition of a generalized derivation as follows:
by a generalized derivation we mean an additive mapping g: I — U such that
g(zy) = g(z)y + xd(y), for all z,y € I, where T is a dense right ideal of R and
d is a derivation from I into U.

Moreover, Lee also proved that every generalized derivation can be uniquely
extended to a generalized derivation of U and thus all generalized derivations
of R will be implicitly assumed to be defined on the whole U and obtain the
following result.

THEOREM (Theorem 3 in [13]): Every generalized derivation g on a dense right
ideal of R can be uniquely extended to U, and assumes the form g(z) = ax+d(z),
for some a € U and a derivation d on U.

More details about generalized derivations can be found in [6], [13], [14].

Here we begin with the following

THEOREM 1: Let R be a prime ring, a,b € R and f(x1,...,2,) a noncentral
multilinear polynomial over C' such that

[af(rla-"arn)7f(7’17'-'7Tn)b7f(rla-"arn)] :07

for any r1,...,r, € R. Then one of the following conclusions holds:
(i) a,be€ Z(R);
(ii) f(x1,...,2n)? is central valued on R and a + b € C;
(iii) char(R) = 2 and R satisfies the standard identity s4.

Proof: Suppose that either a ¢ Z(R) or b ¢ Z(R). In this case

[a’f(zla-"axn)7f(zla'-'7xn)baf(zla-"7xn)]
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is a nontrivial generalized polynomial identity for R. By Theorem 2 in [2],
[af(x1,...,2n) — f(21,...,20)b, f(21,...,2,)] is also an identity for RC. By
Martindale’s result in [16] RC' is a primitive ring with nonzero socle. There
exists a vectorial space V over a division ring D such that RC is dense of
D-linear transformations over V.

If dimpV = oo, by Lemma 2 in [19], RC satisfies the following generalized
identity [ax — xb, z]. Suppose there exists v € V such that {v,va} are linearly
D-independent. By the density of RC, there exists w € V such that {w,v,va}
are linearly D-independent and 2o € RC such that vzy = 0, (va)zg = w and
w2z = v. This leads to a contradiction, 0 = vazg — xob, xg] = v # 0. Thus for
all v € V, {v,va} are linearly D-dependent, which implies that a € C. From
this, RC satisfies —[zb, z]. As above, suppose that there exists v € V' such that
{v,vb} are linearly D-independent. Then there exists yo € RC such that vyg = v
and (vb)yo = 0. This implies that 0 = —v[zb, z] = vb # 0, a contradiction. Also
in this case we conclude that {v,vb} are linearly D-dependent, for all v € V|
and so b e C.

Consider now the case dimpV = k a finite positive integer. In this
case, RC' is a simple ring which satisfies a nontrivial generalized poly-
nomial identity. By [18, Theorem 2.3.29] RC C M,(F), for a suitable
field F, moreover, M;(F') satisfies the same generalized identity of RC, hence
l[af(ri,...,rn) — f(r1,..., )b, f(r1,..., )] =0, for any r1,...,7, € My(F),
moreover, f(z1,...,x,) is a noncentral polynomial for M;(F). If ¢ = 1 there is
nothing to prove. Let t > 2.

Suppose that either char(R) # 2 or R does not satisfy sy, if not we are done.

Since f(z1,...,x,) is not central then, by [15], there exist u1, ..., u, € M(F)
and « € F — {0}, such that f(u1,...,u,) = aey, with k # [. Here ey denotes
the usual matrix unit with 1 in (k,[)-entry and zero elsewhere. Moreover, since
the set {f(vi,...,vn) : v1,...,0, € M(F)} is invariant under the action of all
F-automorphisms of M;(F'), then for any i # j there exist r1,...,7r, € M(F)
such that f(rq,...,r,) = ae;;. Hence, for all ¢ # j,

0=laf(re,...,rn) — fOr1,...,mn)b, f(re,..., )] = —aQeij(a—i—b)eij.

In other words, the (j,4)-th entry of the matrix a + b is zero, for all j # 4. Say
at+b=c= Zi Cii€ii, With ¢;; € F, that is ¢ is a diagonal matrix.

Moreover, if ¢ is an automorphism of M;(F'), the same conclusion holds for
©(c), since as above

0= [cp(a)cp(f(rl, B Tn)) - Sa(f(rla B Tn))(p(b), Sﬁ(f(rla SR Tn))]
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Therefore, for any i # j, ¢(c) = (1 4 e;5)c(1 — e;;) must be a diagonal matrix.
Thus, (¢;; — cii)ei; = 0, that is ¢j; = ¢;; and ¢ is a central element. This implies
that a = —b + =, for some v € F. Therefore the main assumption says that

0=laf(ri,...,mn) + f(ri,...,m)a, f(r1,...,rn)] = [a, f(r1, ..., 70)?]

for all r1,...,7, € My(F). Let G the additive subgroup generated by the
polynomial f(z1,...,2,)2% By [2] f(z1,...,2,)? is a central polynomial, unless
when [My(F), M:(F)] € G. In this last case we have that [a,[r1,r2]] = 0,
for all 71,79 € My (F). For i # j let [r1,72] = e;;. We get 0 = ae;; — e;5a
and left multiplying by e;; it follows that ej;ae;; = 0, which means that the
(j,1)-entry of the matrix a is zero. Therefore, a is a diagonal matrix and, as
above, it is easy to prove that a is central. Then b is also central in M;(F).
Therefore, in any case we get the contradiction that both a and b are central
elements of R. |

As a natural consequence we obtain the following:

COROLLARY 1: Let R be a prime ring, a € R and f(x1,...,x,) a noncentral
multilinear polynomial over C'.

If [af(r1,...,rn), f(r1,...,m)] = 0, for any r1,...,r, € R, then either
a € Z(R) or char(R) = 2 and R satisfies the standard identity s,.

COROLLARY 2: Let R be a prime ring, b € R and f(x1,...,%,) a noncentral
multilinear polynomial over C.

If [f(ri,...,m0)b, f(r1,...,m)] = 0, for any ri,...,7, € R, then either
b€ Z(R) or char(R) = 2 and R satisfies the standard identity s,.

Now we extend the previous results to a nonzero right ideal of R. First we
recall the following notation:

f(xla'-'azn):zl'xQ"'zn+ Z AoZo(1) " To(n)

g€eSy
for some o, € C and we denote by f¢(x1,...,z,) the polynomial obtained from
f(x1,...,x,) by replacing each coefficient o, with d(a, - 1). Thus, for a usual

derivation d, we write
A(f(re,..mn)) = fUra,mn) £ Y (. d(), ),

for all 1,...,7, € R.
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LEMMA 1: Let R be a prime ring, g a nonzero generalized derivation of R, I a
nonzero right ideal of R and f(x1,...,2,) a noncentral multilinear polynomial
over C such that [g(f(r1,...,70)), f(r1,...,m)] = 0, for any r,...,r, € I.
Then R satisfies a nontrivial generalized polynomial identity, unless g(x) = ax
and there exists A € C such that (a — A\)I = 0.

Proof:  Consider the generalized derivation ¢ assuming the form g(z) =
ax + d(x), for an usual derivation d of R. We divide the proof into two cases:

CASE 1: Suppose that the derivation d is inner, induced by some element
q € Q, that is d(z) = [q, x].
Thus we have, for all r1,...,r, € T

[af(ri,...orn) +d(f(r1,...orn)), flre, ... rn)]
- [(a+q)f(7’1,...,rn) 7f(rla'-'arn)qaf(rla-"arn)] =0

and denote a + q = ¢, so that

[ef(riy...orn) — flre, ... yrn)q, f(re, ..., rs)] = 0.

If both ¢ and ¢ are central elements we conclude that g(x) = ax, a € C. Thus
consider that either ¢ or ¢ is noncentral.

Let u € I such that {cu,u} are linearly C-independent. If gu = Su for some
6 € C, then R satisfies

cf (uxy, ... ux,)? — Bf(uzy,. .., ux,)?

7f(uzla ) ’U,:L'n)Cf(Ul'l, i .,’U,I]Cn) + f(uxla ceey uzn)Qq
which is a nontrivial GPI. On the other hand
[ef (uxy, ... uxy) — fluzy, ... uxy)q, f(uzy, ... uzy)]

is also a nontrivial GPI in case {q, qu} are linearly C-independent.
Let now cu = au for some o € C. Then R satisfies

Oéf(’ul'l, ce '7uxn)2 - f(uzla s ,u:rn)qf(uxl, ce .,Ul'n)
—fuzy, ..., uxy)af(uzy, ..., uz,) — fluxy, ... uz,)?q
= 7f(uzla e -,Ul'n)qf(uzl, B .,’U,I]Cn) - f(uxla e 'auzn)Qq

which is again a nontrivial GPI for R.
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CASE 2: Let now d be an outer derivation. Since I satisfies

l[af(x1,...,2n) +d(f(21,...,20)), f(21,. .., 20)]

it also satisfies

[([@a=Nf(z1,...,xn) +d(f(@1,. .. 20)), f(T1, ..y 20)]

for any A € C.
Note that, if there exists A € C such that (a — A)I = 0, then

[d(f(z1,... 20)), f(@1,. .., 20)]

is a differential identity for I. In this case, by [12], one of the following holds:
— [f(z1,...,2n), Tnt1]Tnt2 is an identity for I, so R is a GPI-ring;
— char(R) =2 and s4(I,I,1,1)I =0 and again R is GPI;
— d =0 and so g(z) = az for (a — A\)I =0, and again we are done.
Consider the case when (@ — ) # 0 for all & € C. Since I and IU satisfy
the same differential identities,

[af(x1,...;2n) +d(f(x1,. .. 20)), f(z1, ..., 20)]
is an identity for IU, that is, for any u € I,

[(If(ul‘l, ) ’U,:L‘n) + d(f(uxla ) UZL‘n)), f(uxla RN ’U,:L‘n)]

is an identity for U. In particular, pick u € I such that au # au, for all a € C
(it exists since (a — «)I # 0). Thus U satisfies the following

[af(uzl, coouty) + fuxy, .. ux,)+

Zf(uxl,...,d(u)xi +ud(x;), ..., uxy), fuxy,...,ux,)|.

Since d is an outer derivation, by Kharchenko’s result in [7], U satisfies the
identity

[af(uacl, coouxn) + f(ux, . ux,)+

Zf(uxla- ad(u)xl + uyi, . "auzn)af(uxla- auzn)i|

which is a nontrivial GPI for R, since au and u are linearly C-independent. |
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Remark 1: Without loss of generality, R is simple and equal to its own socle,
IR=1.

In fact, by Lemma 1, R is GPI and so RC has nonzero socle H with nonzero
right ideal J = IH [16]. Note that H is simple, J = JH, and J satisfies the
same basic conditions as I. Now just replace R by H, I by J and we are done.

Remark 2: Notice that if there exists A € C such that (a — A)I = 0, then the
main assumption says that

[([@a=Nf(z1,...,2n) +d(f(@1,. .. 20)), f(21, .. 20)]
= [d(f(zla "azn))vf(xla"'axn)]
=0

for all z1,...,2, in I. In this case we obtain the required conclusions by [12].

Remark 3: It is well-known that all the following statements hold (see [11]):

(1) If f(a1,...,2Tn)Tns1 is an identity for I, then there exists an idempotent
element e € soc(RC) such that IC = eRC and f(x1,...,x,) is an identity
for eRCe, so that a fortiori f(z1,...,x,) is central valued in eRCe;

(2) if [f(®1,...,%n), Tni1]Tnie is an identity for I then there exists e* =
e € soc(RC) such that IC = eRC and f(x1,...,2,) is central valued in
eRCe;

(3) if char(R) = 2 and [ satisfies s4(z1, 2, xs,4)xs then there exists e? =
e € soc(RC) such that IC = eRC and ss(x1,...,24) is an identity for

eRCe;

(4) if g(z) = cx + xb such that (¢ + b+ «)I = 0, for a suitable a € C, and
I satisfies [f(z1,...,7n)%, Tnt1)Tnie, then there exists e? = e € soc(RC')
such that IC = eRC, f(x1,...,7,)? is central valued in eRCe and also
(b+c+a)e=0.

Remark 4: Since R = H is a regular ring, then for any ai,...,a, € I there

exists h = h* € R such that >, a;R = hR. Then h € IR = I and a; = ha;
foreachi=1,...,n.

THEOREM 2: Let R be a prime ring, a,b elements of R, I a nonzero right ideal
of R and f(x1,...,x,) a noncentral multilinear polynomial over C' such that
[af(ri,...,rn) — f(ri,...sm0)b, f(re,...,rn)] = 0, for any r1,...,rn € I. If
there exists a suitable v € C such that (a+b+~)I = 0, then either there exists
A € C such that (a — X\)I =0 and b € C or there exists an idempotent element
e € soc(RC) such that IC = eRC and one of the following holds:

(i) (c+b+7v)e=0and f(x1,...,x,)? is central valued in eRCe;
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(ii) char(R) =2 and sy(x1, 2,23, 24) is an identity for eRCle.

Proof: By ax = —bx + vz, for all x € I, we have that, for any r1,...,7, € I,

0= [bf(rla"'7rn)+f(rla-"arn)baf(rla"'arn)]: [b,f(Tl,...,Tn)Q].

By Theorem 6 in [12], it follows that either b € C or there exists an idempotent
element e € soc(RC) such that IC = eRC and either f(z1,...,7,)? is central
valued in eRCe or char(R) = 2 and s4(eRCe) = 0.

Moreover, if b € C we get (a— ANz =0forallz € Tand A\=b—~v € C, in
any case we are done. |

Continuing our line of investigation, we need the following

LEMMA 2: Let R be a prime ring, a € R, I a nonzero right ideal of R and
f(x1,...,x,) a noncentral multilinear polynomial over C. If

[af(r1,. . rn), fOr1,...,mn)] =0

for all r1,...,r, € I, then either there exists v € C such that (a —v)I = 0 or
there exists an idempotent element e € soc(RC') such that IC = eRC and one
of the following holds:

(i) f(z1,...,2y,) is central valued in eRCe;

(i) char(R) =2 and sa(x1,x2,23,24) Is an identity for eRCe.

Proof: Suppose by contradiction that no conclusion holds. In light of Remarks
2 and 3 there exist b,b1,...,b,12,¢1,...,¢5 € I such that

- [f(blv ) bn)v bn+1]bn+2 # 0;

— if char(R) = 2, s4(c1, 2,3, c4)C5 7 O;

— {b, ab} are linearly C-independent.

By Remark 4, there exists an idempotent element h € IH = IR such
that hR = Y 1P bR+ Y0 ¢;R + bR and b; = hb;, ¢; = hej, b = hb for
any i = 1,...,n+ 2, j = 1,...,5. Since [af(hx1,...,hay), f(hx1,..., he,)]
is satisfied by R = H, left multiplying by (1 — h), we get that R satisfies
(1 — h)af(hzy,...,hz,)?. By [4], it follows that either (1 — h)ah = 0
or f(hxi,...,ha,)h is a generalized identity for R. In this last case,
[f(hxy,..., hey,), htpt1]he, o is an identity for R and this contradicts with

[f(hbr,. .., hby), Bbyy1]hbnss = [f (b1, bn), bus1lbpiz # 0.

Thus (1 — h)ah = 0, that is ah = hah. Therefore [af(x1,...,Tn), f(z1,. .., 20n)]
is satisfied by hRh.
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By Corollary 1, again since

[f(hby, ..., hbyp), hbyi1)hbpyo = [f(b1,. .., 0n), bng1]bng2 # 0,

we get either ah € Ch or char(R) = 2 and hRh satisfies s4.

In the first case, if ah € Ch, then there exists A € C such that ahb = (\)hb,
that is ab = Ab, a contradiction.

In the second case, s4(hRh, hRh, hRh, hRh) = 0 implies that

sa(hR,hR,hR,hR)hR = 0,
and again we get a contradiction since

S4(h01, th, hC3, hC4)hC5 = 84(017 Co,C3, C4)C5 75 0. [ |

Remark 5: Suppose that there exist by,...,b,42 € I such that

[f(blﬂ ey bn)a bn+1]bn+2 7é 0.

This obviously implies that f(x1,...,2Z,)Tn4+1 cannot be an identity for I and
we may consider, without loss of generality f(b1,...,bn)bnt1 # 0.

If you write f(x1,...,2n) = > ti(T1,...,Ti—1,Tiy1,-..,Tn)T;, where any ;
is a multilinear polynomial in n— 1 variables, in which x; never occurs, it follows
that there exist i € {1,2,...,n} such that t;(z1,...,2;—1,Tit1, ..., Tn)x; is nOt

an identity for I and again we may choose, for example, t,, (b1, ...,bp—1)b, # 0.

LEMMA 3: Let R be a prime ring, b € R, I a nonzero right ideal of R and
f(z1,...,2,) a noncentral multilinear polynomial over C. If

[F(ris.ooma)b, f(ri, ... mn)] =0

for all r1,...,r, € I, then either b € C or there exists an idempotent element
e € soc(RC) such that IC = eRC and one of the following holds:
(i) f(z1,...,2,) is central valued in eRCe;

(ii) char(R) =2 and sy(x1, 2,23, 24) is an identity for eRCle.

Proof: The proof is similar to that of Lemma 2, but, for the sake of complete-
ness, we prefer to explain the argument again.
Suppose by contradiction that there exist by, ...,by42,c1,...,c5 € I such that
— [f(b1,-..,bn),bnt1]bnya # 0, in particular, in light of Remark 5, then
tn(bi, ... bp_1)by # 0;
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— if char(R) = 2, s4(c1, c2,¢3,c4)c5 # 0.

By Remark 4, there exists an idempotent element h € IH = IR such that
hR =Y PbiR+ Y ¢;R and b; = hb;, ¢; = hej, for any i = 1,...,n+2,
j=1,...,5. Since [f(hx1,...,hx, (1 — h)b, f(hx1,...,ha,(1 — h))] is satisfied
by R = H, then R satisfies

tn(hxy, ... han_1)he, (1 — h)bt,(hxy, ..., hep—1)hz, (1 — h)
and a fortiori R satisfies
(1 = h)bty(hay,. .., hen_1)he,)>.

By a result in [5] we have that R satisfies (1 — h)bt,(hz1,..., hey,_1)he, and
by [4] it follows that (1 — h)bh = 0, since t,,(hb1, ..., hby_1)hb, # 0. Therefore,
[f(x1,...,2n)b, f(x1,...,2,)] is satisfied by hRh.

By Corollary 2, again since

[f(hby, ..., hby), hbyi1)hbpyo = [f(b1,. .., 0n), bng1]bng2 # 0,

we get either that bh € Ch or that char(R) = 2 and hRh satisfies s4.
Since the last case contradicts s4(hey, hea, hes, heg)hes # 0, we have bh € Ch,
then there exists A € C such that bh = Ah. Thus

0= [f(hx1,...,hxy)b, f(hay,. .., he,)] = f(hay,. .., he,)% (b — \).

In this case, because of the fact that f(hb,...,hb,)hb,+1 # 0, again by [4], we
conclude that b=\ € C. ]

THEOREM 3: Let R be a prime ring, a,b € R, I a nonzero right ideal of R and
f(x1,...,x,) a noncentral multilinear polynomial over C.

Iflaf(ri,...,mn) — f(r1,. oo yrn)b, f(re,...,mn)] = 0, for any r1,...,1, € I,
then either there existsy € C such that (a—~)I = 0 and b € C or there exists an
idempotent element e € soc(RC) such that IC = eRC and one of the following
holds:

(i) f(z1,...,2,) is central valued in eRCe;

(ii) (a+b+a)e =0, fora € C, and f(z1,...,7,)? is central valued in e RCe;

(iii) char(R) =2 and s4(x1, T2, x3,4) is an identity for eRCle.

Proof: Due to Theorem 2, if there exists o € C such that (¢ + b+ a)l =0
then the present theorem holds. Moreover, if there exists v € C' such
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that (a —+)I =0, it follows that [f(r1,...,mn)b, f(r1,...,7)] = 0, for any
71,...,Tn € I, and, by Lemma 3, we are done.
In light of this, suppose by contradiction that there exist v,w € I such that

{v,av} are linearly C-independent

and
{w, (a + b)w} are linearly C-independent.
Moreover, suppose that there exist by,...,bp42,51,...,8n0+2,¢1,...,¢5 € I such
that
- [f(blv SRR bn)v bn+1]bn+2 7é 0;
= [f(s1,- -, 3n)27 Sn+1]8nt2 # 0;

— if char(R) = 2, s4(c1, c2,¢3,¢4)c5 # 0.
Again there exists an idempotent element A € IR such that

n+2 n+2 5
hR=> bR+ sjR+Y ciR+vR+wR

i=1 j=1 k=1

and b; = hb;, s; = hsj, ¢, = heg, forany i, =1,...,n+2, k=1,...,5, and
v = hv, w = hw. Since [af(hz1,...,hxy,) — f(ha1,..., ha,)b, f(hay, ..., ha,))
is satisfied by R, left multiplying by (1 — h), we get that R satisfies

(1 —h)af(hzi,... hx,)>

By [4] it follows that either (1 — h)ah = 0 or f(hxy,...,hx,)h is a general-
ized identity for RC. Note that this last conclusion cannot occurs, because
f(hby, ... hby)hbyy1 = f(b1,...,bn)bpy1 # 0. Thus (1 — h)ah = 0.

Moreover, since
[af(hzy,...,hen(1—h))— f(hx1,..., he,(1—h))b, f(hxy,...,ha,(1—h))] =0,
we have that

[at,(hx1, ..., hep—1)hz, (1 —n)
—tp(hx1, ..., han_1)ha, (1 — h)b, t(hey, ..., hep_1)he, (1 — h)] = 0;

that is
—tn(hxy, ..., han_1)he, (1 — h)bt,(hay, ..., hep_1)he,(1—h) =0

and, in particular, ((1 — h)bt, (hz1,. .., hoy_1)he,)? = 0.
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By a result in [5], (1 — h)bt, (haq,. .., hep_1)hz, = 0.

Again by [4], since t,,(hb1,..., hby_1)hb, = tn(b1,...,bp—1)by # 0 (see Re-
mark 5), we get (1 — h)bh = 0. Therefore, ah = hah and bh = hbh. Hence hRh
is a finite dimensional simple central algebra which satisfies

[af(x1,...;2n) — f(x1, . xn)b, f(@1,. . 20)].

By Theorem 1 it follows that one of the following holds:
(1) there exists v € C' such that (a + b — v)h = 0, which contradicts with the
fact that {w, (a +b)(hw)} = {w, (a + b)w} are linearly C-independent.
(ii) f(z1,...,xy) is central valued in ARh, then [f(21,...,2Zpn), Tnt1]Tnie =0
in AR and this contradicts

[f(hbl, ey hbn), hbn_i_l]hbn_;_g = [f(bl, ceey bn), bn+1]bn+2 7é O;

(iii) ah,bh € Ch, that is, in particular, there exists a € C such that
(@ — a)h = 0. This is also a contradiction since {v,a(hv)} = {v,av}
are linearly C-independent. |

Finally we study the more general case and we need the following remark:

LEMMA 4: Let R be a prime ring and f(x1,...,2,) a multilinear polynomial
over C. If, fori=1,...,n,

[FOr1, s ziyeeoyrn), fre,...,rn)] =0

for all z;,r1,...,r, € R, then the polynomial f(x1,...,x,) is central-valued on
R except when char(R) = 2 and R satisfies s4.

Proof: Let s € R, then by assumption
[5, f(r1,.. ,mn)]2 = [Zf(rl,...,[s,ri],...,rn),f(rl,...,rn) =0.

Hence the result follows by [9, Theorem]. |

THEOREM 4: Let R be a prime K-algebra, with extended centroid C, g a
nonzero generalized derivation of R, f(x1,...,xy) a multilinear polynomial over
C' and I a nonzero right ideal of R. If [g(f(r1,...,7n), f(r1,..., )] =0, for all
r1,...,Tn € I, then either g(x) = ax, with (a —)I = 0 and a suitable v € C or
there exists an idempotent element e € soc(RC') such that IC = eRC and one
of the following holds:
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(1) f(x1,...,xy) is central valued in eRCe;
(ii) g(x) = cx + xb , where (c+b+ a)e =0, for a € C, and f(x1,...,2,)? is
central valued in eRCe;
(i) char(R) =2 and s4(x1, T2, x3,4) is an identity for eRCle.

Proof: As we have already remarked, every generalized derivation g on a dense
right ideal of R can be uniquely extended to U and assumes the form g(x) =
ax + d(x), for some a € U and a derivation d on U.

If d = 0 we are done by Lemma 2. Thus we suppose that d # 0.

For u € I, U satisfies the following differential identity

[af (uxy, ... uzy) +d(f(uzy, ... uxy)), f(uz, ... uz,)].

In light of Kharchenko’s theory ([7], [10]), we divide the proof into two cases:
CASE 1: Let d be the inner derivation induced by the element ¢ € U, that is
d(z) = [g,z], for all x € U. Thus I satisfies the generalized polynomial identity

l[af(x1,...,2n) +qf (@1, . 20) — f(z1,. .. 20)q, f(z1,...,20)]
=[a+qQ)f(z1,...,xn) — f(x1,...,20)q, f(z1,. .., 2n)]

If we denote —q = b and a + ¢ = ¢, the generalized derivation g is defined as
g(xz) = cx + xb, and we get the conclusion thanks to Theorem 3.

CASE 2: Let d be an outer derivation of U and suppose that

[f(z1,. ., Tn), Tng1]Tote
is not an identity for I and, in case char(R) = 2, I does not satisfy
sa(x1,...,24)x5, otherwise we are done (see Remark 3). Thus, there exist
bi,...,bp42,c1,...,c5 € I such that

[f(bla s 7bn)a bn+1]bn+2 7& 0, 54(Cla sy C4)05 7é 0

and there exists h? = h € soc(RC') such that Z?jf biR+ Z?Zl ¢;R = hR, with
bi = hb;, cj =hcj foralli=1,...,n+2,j=1,...,5.
Since I and IU satisfy the same differential identities,

l[af(x1,...,2n) +d(f(21,...,20)), f(21,. .., 20)]
is an identity for IU, that is,

[(If(hl‘l, ce 7hzn) + d(f(hxla < .,hl‘n)), f(hzla < 7hxn)]
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is an identity for U. Thus U satisfies the following
af(hxy,... hay) + fAU(hay, ..., hay,)

+ 3 f(hay, .. d(h)a; + hd(xs), ... hay), f(hay, .. ha) |

Since d is an outer derivation, by Kharchenko’s result in [7], R satisfies the
identity

[af(hxl, oo han) + fAU(hay, ... hay)

+Zf(hx17 s ad(h’)xl + hyia ce '7hxn)7f(hxla ceey hzn):| .
In particular, U satisfies the blended component

[Zf(hxl,...,hyi,...,hacn),f(hacl,...,hxn)]

so that hUh satisfies

[f@1, oo Uiy ey n), f(21, .oy 20)],

for all i = 1,...,n. By Lemma 4 we have that either f(z1,...,z,) is central
valued in hUh or char(R) = 2 and s4(hUh) = 0. In both cases we have a

contradiction, since

[f(hby, ..., hby), hbpi1]hbp o = [f(b1,...,0n), bni1)brg2 # 0

and
sa(her, ... heg)hes = sq(cr, ..., ca)es # 0. |
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